A method of component mode synthesis is utilized to determine the forced response of linear multi-shaft rotor-bearing systems. The formulation allows for simulation of system response due to blade loss, base shock, maneuver loads, and specified fixed frame forces. The motion of each rotating component of the system is described by superposing constraint modes associated with boundary coordinates and constrained precessional modes associated with internal coordinates. The precessional modes are truncated for each component and the reduced component equations are assembled to obtain a set of complex system equations of reduced order. The method allows for nonsymmetric effects and comparative results are presented for various levels of mode truncation for two example cases.
The dynamic analysis of multiple shaft rotor-bearing systems generally requires the assembly and solution of large order sets of ordinary differential equations which, when justified, are linearized in the neighborhood of an operating point. Such large order systems are usually time consuming to set up and costly to solve in terms of computer time and storage. This is particularly important in design studies which require a completely new equation assembly and solution for each new set of system parameters. For transient analyses such as associated with blade loss and base shock, numerical integration is often required causing cost and accuracy of the analysis to be strongly dependent on the order of the system equations.
ANALYTICAL DEVELOPMENT

Physical Coordinates
The equation of motion of a typical linearized rotor dynamic component, illustrated in Figure 1 , is of the form
The physical coordinates in eq. (1 are absolute in that they are observed from a fixed reference system.
Figure 1. Typical Rotating Component
The bearing support points on the rigid frame have specified motion and are related to specified frame motion by the rigid body constraint equation (1) The method of component mode synthesis (CMS) allows for substantial reduction in the size of the overall system equations while still retaining the essential dynamic characteristics and offers promise as a method of decreasing analysis time and cost for some types of problems. The greatest promise appears to be in the area of nonlinear analyses and that subject will be discussed in a subsequent work. This paper presents a method of formulation and solution for linear transient analyses of multi-shaft systems with examples illustrating its use and accuracy.
(2)
The dynamic characteristics of rotor-bearing systems have been successfully analyzed by many researchers using a wide variety of methods. The two most prevalent methods are the state vector-transfer matrix approach covered most recently in the works of Lund (2, 3, 4) and the direct stiffness approach as presented by many including Gasch (6), Dimaragonas (7), Childs (5), Adams (8), Nelson and McVaugh (9) , and others. Some of these methods have been applied directly in physical coordinates while others have successfully utilized various types of modal transformations. The approach utilized in this paper is an extension of the work of Glasgow and Nelson (1) allowing for specified base motion and various forms of applied forces. The method utilizes a direct stiffness philosophy for formulating the component equations, a modal decomposition of the components using complex modes with truncation, assembly of the generalized system equations and subsequent solution of these complex equations either by direct methods or additional modal transformation as the situation dictates. The force vector, G, includes rotating unbalance and such fixed frame forces as gravity and lateral gear loads. The second and third terms on the RHS provide the equivalent force terms due to maneuver loads. The usual application of these terms is to simulate either translational base acceleration or angular base turning maneuvers. First Order Form The displacement vector of eq. (5) is partitioned into boundary and interior coordinates as with related state vector (7) The component equation of motion, eq. (5), in first order form is
It is convenient to reorder the component state variables into boundary and interior subsets by applying the transformation = y (9) Reduction of order for the system model is realized by truncating a number of modes in the product Y q and retaining a selected subset. The usual selection technique would be to retain the lower frequency modes with the cutoff frequency dependent on the type of excitation to be analyzed. The truncated form of eq. (13) with a retained subset of complex modes is
The generalized forces, compatible with the coordinates, are obtained by the transformation The introduction of the transformation of coordinates, eq. (14), and the transformation of forces, eq. (15), into eq. (11) gives
which is the component equation in terms of constraint (10) modes and a retained set of constrained (fixed boundary) complex modes. The order of eq. (16) is dependent on the extent of truncation and is equal to twice the number of boundary coordinates plus the number of retained complex modes.
R (11) System Equation Assembly
With the reduced order equations developed for form is each rotating assembly, as typified by eq. (16), the system equation of motion can then be assembled. The state vector for the ith typical component is written (12) as
Component Mode Synthesis
The procedure used in this work for component mode synthesis is presented in reference (1) so will not be repeated in detail here. In summary, however, the component motion is represented as the superposition of two types of modes which appear in the transformation (13a) 
of simple geometric constraint relations written in the matrix form
The columns of y. consist of ones and zeros and eq. (19) can be considered as an equation of coordinate compatibility which insures the connectivity of the system.
The assembly procedure follows the customary direct stiffness approach. A typical component equation of motion, given by eq. (16) with index i,
is assembled into the system equation
through the summations:
Equation (20) is a system equation of motion which includes the effects of reduced order rotating components, support properties, and various excitation forces. The usual options exist for determining the free and/or forced system response from eq. (20).
A digital computer program for analyzing rotor-bearing systems using the above outlined approach is being developed under a NASA LeRC grant. Analysis options include whirl speed/stability analysis, steady unbalance response, steady maneuver load response, blade loss dynamics, and transient response due to base shock. The inclusion of nonlinear support properties in the programs is being incorporated and results from those studies will be included in a later paper. The two cases presented below illustrate the use of the CMS approach for steady unbalance response and for simulation of blade loss dynamics. Both of these cases can be solved in closed form as discussed below.
Steady Unbalance Response
The unbalance force vector for a typical component, as developed in (9) with null initial condition solutions 
The unbalance excitation for the assembled system, eq. For stable systems the exponential terms associated with the system eigenvalues diminish and the synchronous steady state response is obtained in the STIl 1 Figure 2 . System Configuration-Example limit.
It is, of course, possible to truncate these system generalized modes to further reduce computation time if desired. As always, care must be exercised in establishing criteria for determining which modes can be truncated without significantly altering the dynamic characteristics of the system.
NUMERICAL EXAMPLES
A single rotor-bearing system for two different sets of support properties is used to illustrate the accuracy which might be expected when using the component mode synthesis approach to analyze free and forced response of complex rotor systems. The rotor configuration is illustrated in Figure 2 and the geometric data is included in Table 1 . The distributed parameter rotor is modeled as six finite elements (7 stations) as indicated in Figure 2 with each element consisting of several subelements.
The coordinates associated with the subelements are reduced using static condensation, as discussed in reference (9) , so that only coordinates (2 translational and 2 rotational) at the 7 finite element stations are retained. A concentrated disc with mass of 1.401 kg, polar inertia oft 0.00203 kg-mg, and diametral inertia of 0.00136 kg-m is located at station three. The unbalance studies for these examples consider only an unbalance at station 3 for the concentrated disc. Two identical bearings are located at stations four and six. For the two cases analyzed the stiffness and damping matrices for the bearings at stations 4 and 6 are:
Case (1 The 7 station rotor model has 28 degrees of freedom, 4 of which are designated as boundary coordinates (the translations at stations 4 and 6) and the remaining 24 as interior coordinates. As a result, there exist 4 constraint modes and 24 (12 forward and 12 backward) circular constrained precessional modes. These precessional modes are available for truncation as a means of reducing the system size. For example, with 20 of the 24 precessional modes truncated the original 24 degree of freedom model is approximated by an 8 degree of freedom model. Accuracy comparisons are made below for different levels of mode truncation for whirl speed prediction, steady unbalance response, and blade loss transients.
It should be noted that in the state space formulation used in this paper each geometric degree of freedom supplies two state space coordinates. Thus, the example is a 56th order state space model before modal truncation is introduced.
Case (1): Isotropic Bearings
The damped whirl frequency and log decrements at a spin speed of 30,000 rpm for various levels of mode truncation are listed in Table 2 . The normalized steady unbalance of the system at station 3 is plotted in Figure 3 for the complete model, and comparisons of predicted response amplitude for various levels of mode truncation are included in Table 4 for 2 different spin speeds. The transient displacement response at station 3 due to a step change in unbalance at station 3 is plotted in Figure 4 for two different spin speeds and comparisons of the predicted peak displacements are listed in Table 5 for various levels of mode truncation.
Case (2): Orthotropic Bearings
The symmetric bearing stiffness matrix for case (2) is equivalent to an orthotropic support with principal axes oriented at (45 , 135 ) relative to the X axis. The same information as presented for case (1) is included below in Tables (3, 4, 5) and Figure 5 . 
SUMMARY AND CONCLUSIONS
The analysis of the example system for two different support cases has shown that the free and forced response of the system can be predicted with high accuracy even with high levels of component mode truncation. For the example, the retention of all twelve forward and backward precessional modes is equivalent to a direct analysis without using CMS while the retention of zero precessional modes is equivalent to treating the rotating assembly as rigid. The calculations of whirl speeds/log decrements indicate that accuracies within a few percent can be expected for the first few forward and backward system modes by retaining the same number of component precessional modes.
The simulation of steady unbalance response and transient blade loss dynamics indicates similar levels of accuracy with mode truncation. As shown in tables 4 and 5 the retention of only one pair of forward and backward precessional component modes yields displacements at station three which are within 1% of the direct analysis. This was true for this example for both the isotropic and orthotropic support cases and for both the 20,000 and 40,000 rpm spin speeds.
The component mode synthesis approach using complex fixed boundary modes allows for significant reduction in system model size while retaining the essential dynamic characteristics of the lower system modes. The example presented has a reasonably stiff rotating assembly and the location of the concentrated disc is close to one of the supports. As a result the accuracy is probably better than should be expected for more flexible systems. The number of component modes that should be retained for a particular accuracy is certainly dependent on the system configuration and on the frequency content of the excitation. The results for the example presented and for other systems analyzed by the authors indicate that only a few component precessional modes need to be retained to achieve high accuracy simulations.
The primary advantage of this type of modal synthesis appears to be in the area of nonlinear analysis. For most rotor-bearing systems, the dominant nonlinearities are at the supports. Thus, the use of fixed boundary component modes allows for modal truncation without affecting the support characteristics. It is hoped that this approach will be particularly convenient for modeling these types of nonlinearities in that the number of system degrees of freedom can be substantially reduced. A subsequent paper will present the results of using this approach for nonlinear systems.
